A cycle C of a graph G is a D~-cycle if every component of G-V(C) has order less than 2. Using the notion of D~-cycles, a number of results are established concerning long cycles in graphs with prescribed toughness and minimum degree. Let G be a t-tough graph on n/> 3 vertices. If 6 > n/(t + 2) + 2-2 for some 2 ~< t + 1, then G contains a Dx-cycle. In particular, if 6>n/(t+ 1)--1, then G is hamiltonian, improving a classical result of Dirac for t> 1. If G is nonhamiltonian and 6 > n/(t + 2) + 2-2 for some 2 ~< t + 1, then G contains a cycle of length at least (t +1)(6-,~ + 2)+ t, partially improving another classical result of Dirac for t> 1.
Introduction
We use [7] for terminology and notation not defined here and consider simple graphs only.
Let G be a graph and 2 a positive integer. Following [16] , a cycle C of G is called
a Da-cycle if all components of G--V(C) have order less than 2. A Dl-cycle is a Hamilton cycle, a D2-cycle is also called a dominating cycle. A graph is hamiltonian if
it contains a Hamilton cycle. We denote by coa(G) the number of components of G of order at least 2, and we use co instead of col. As introduced in [8] , Theorem 1 (Dirac [10] ). Let G be a graph of order n~ 3. If 6>~½n, then G is hamiltonian.
G is t-tough (t ~ ~, t/>0) if IS] >~t.co(G-S) for any subset S of V(G) with oJ(G-
S
Theorem 2 (Dirac 1-10]). Let G be a 2-connected nonhamiltonian graph. Then c(G)>>.26.
We show that the lower bounds on 6 in Theorem 1 and c(G) in Theorem 2 can be improved if G is assumed to have toughness z> 1. This idea is also reflected by a conjecture of Chvfital. [8] ). There exists a constant to such that every to-tough graph is hamiltonian.
Conjecture 3 (Chvdtal
In I-4] it was observed that a result in [1] has the following consequence.
Theorem 4 (Bauer et al. [4] ). Let G be a t-tough graph on n >i 3 vertices, where 1 <~ t <<, 2.
If f >n/(t + 1)-1 then G is hamiltonian.
In Sections 2 and 3 we obtain analogues of Theorems 1 and 2, respectively. The results in these sections involve some assumption on the toughness of a graph and the notion of a D~-cycle. In particular, we show that the requirement t ~< 2 can be removed in Theorem 4.
Analogues of Theorem 1
We start with our main result.
Theorem 5. Let G be a t-tough 2-connected graph on n vertices with
Then G contains a Da-cycle.
(1) 
By Corollary 7(b),
implying that
By (1) and (4),
By (5), f(2)<0 and f --t <0.
[6) [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] Noting that 2 ~< n/(2t + 1)-t by (3), we conclude from (2), (6) and (7) 
Theorem 8. Let G be a t-tough 2-connected graph on n vertices with ~ ~ <~ 5~ and
Then G contains a Di-cycle.
(8)
Theorem 8 is a direct consequence of Theorem 5 and Lemma 6. Using 6z + 1 ~> 64-1, it is easy to show that (1) implies (8) if n ~> (2t + 1)(t + 2). To show that Theorem 8 is more general than Theorem 5 for these values of n, it remains to show that (1) implies c~<6z. If :~>~2, then t<~(n-2c~i)/7 ~, or equivalently, :~a~< n/(t+2). As in the proof of Theorem 5,
The situation is similar to the fact that the following result of Nash-Williams is more general than Theorem 1.
Theorem 9 (Nash-Williams [14] ). Let G be a 2-connected graph on n vertices with 5>~max{c~,31(n+2)}. Then G is hamiltonian.
Using 6~ ~> 6 -2 + 1, we obtain the following consequences of Theorem 5 in terms of the minimum vertex degree.
Corollary 10. Let G be a t-tough graph on n >~ 3 vertices with 5 > n/(t + 2) + 2-2 for some 2 <~ t + 1. Then G contains a D~-cycle.

Corollary 11. Let G be a 2-connected t-tough graph on n vertices with
Note that any graph satisfying the hypothesis of Corollary 10 is 2-connected. The following examples show that the condition 2~<t+ 1 cannot be relaxed in Corollary 10 for t=l. Let H, denote the graph on n=3k~>9 vertices consisting of three disjoint complete graphs on k vertices and let G. denote the graph obtained from H. by adding the edges of two triangles between two disjoint triples of vertices, each containing one vertex of each component of H.. Then G. contains no DR-2-cycle, while z(G,)= 1 and 6(G,)=~n-1 >n/(1 +2)+2-2 for 2~>3 and n large enough. For t with 1 <t<2, at least some upper bound on 2 in terms oft is needed in Corollary 10. The verification of this claim is postponed to Section 4.
For 2= 1 and 2=2, respectively, we obtain the following explicit forms of Corollary 10.
Corollary 12. Let G be a t-tough graph on n >~ 3 vertices with t3 > n/(t + 1)-1. Then G is hamiltonian.
Corollary 13. Let G be a t-tough graph (t >~ 1) on n >~ 3 vertices with ~5 > n/(t + 2). 7"hen G contains a dominating cycle.
Corollary 12 has a number of consequences, one of which is that a t-tough n/(t + 1)-regular graph is hamiltonian. We now know, however, that such graphs need not have a triangle. In particular, there exist t-tough n/(t + 1)-regular graphs with no triangles for all t of the form 2-1/k where k is an integer and k~>2, and for all t of the form 3-4/(k+ 1) where k is an integer and k~>3 [-5] ). It is conjectured in [5] that for suitable arbitrarily large t, there exist t-tough n/(t + 1)-regular graphs with no triangle. Therefore, graphs satisfying the hypothesis of Corollary 12 are not pancyclic in general. However, it is also conjectured in [-5 ] that t-tough graphs on n >~ 3 vertices with 6>n/(t+ 1) are pancyclic.
In spite of the crude upper bound on the toughness used in the proof of Theorem 5 (via the application of Corollary 7), the following best possible results show that Corollaries 12 and 13 are surprisingly close to best possible for t = 1. The first result is the minimum degree analogue of a result from [13] , the second is a weak version of a result from [6] . We do not know how good the lower bounds on 6 in Corollaries 12 and 13 are for t> 1. In fact, in [-6 ] it is shown that in a graph satisfying the hypothesis of Theorem 15. every longest cycle is a dominating cycle.
Other related (and more general) results for the cases t = 1, 2 = 2 and t = 2, 2 = 1 can be found in [1] . We mention the following two only.
Theorem 16 (Bauer et al. [-1]). Let G be a 1-tough graph on n vertices such that d(x) + d(y)+ d(z)>~ n for all independent sets of vertices x, y, z. Then every longest cycle in G is a dominating cycle. 6 D. Bauer et al./Discrete Mathematics 141 (1995) 1-10
Theorem 17 (Bauer et al. [1]). Let G be a 2-tough graph on n>. 3 vertices such that d(x) + d( y) + d(z) >1 n for all independent sets of vertices x, y, z. Then G is hamiltonian.
Another consequence of Corollary 12 is that Conjecture 3 is true within the class of graphs with minimum degree at least a constant times the number of vertices. Also, as was first observed by Jackson [12] , Corollary 12 implies the following.
Corollary 18. Let G be a t-tough graph on n >. 3 vertices. If t > -3 + ~,
then G is hamiltonian.
1
Proof. If G#K. is a t-tough graph with t>-¼+~, then 6>`x>`2t> n/(t+l)-l. The result follows from Corollary 12. [] Using the fact that in a noncomplete graph G on n vertices e<~n/(t+ 1) and x>.2t, a result slightly weaker than Corollary 18 (with t >. ½ + ~) can be obtained from the result in [9] that any graph of order n~> 3 for which ~< ~, is hamiltonian. In a similar way, a slightly stronger result (with t >. -¼ + ~ ~6) can be obtained from the following result in [6] .
Theorem 19 (Bigalke and Jung [6]). Let G be a 3-connected 1-tough graph with
<~ x+ 1. Then G is hamihonian or G is the Petersen graph.
The following result follows by letting 2= 1 in Theorem 8 (using 62>.6 -1).
Corollary 20. Let G be a t-tough graph (t>`l) on n>`3 vertices with ct~6 and 6 > n/(t + 2). Then G is hamihonian.
A result of the same type appears in [11] . It is a generalization of Theorem 9 above.
Theorem 21 (Fraisse [-11] ). Let G be a k-connected graph (k>`2) on n vertices with
Then G is hamiltonian.
Since x >`2t in a noncomplete t-tough graph, we compare the following consequence of Theorem 21 with Corollary 20.
Corollary 22. Let G be a 2t-connected graph (t >1 1) on n vertices with ct <~ 6-2t + 2 and b >1 (n + 2t(2t-1))/(2t + 1). Then G is hamihonian.
What we observe is that if we impose a stronger condition on c¢, the lower bound on 6 can be decreased (and we can work with a "simple" connectivity condition instead of a "difficult" toughness condition).
Analogues of Theorem 2 Theorem 2Let C be a nonextendable cycle in a t-tough graph G and let H he a component of G-V(C). Then c(G)~>] V(C)I>~(t+ 1)d(H)+t.
Proof. Let C be a nonextendable cycle in a t-tough graph G and let H be a component of G-V(C). By standard arguments in hamiltonian graph theory, the nonextendability of C implies that the immediate successors of the neighbors of H on C (in a specified orientation of C) form an independent set S with IS[= d(H), and no vertex of H is adjacent to a vertex in S. Hence t~<
[V(C)-S[ [V(C)I-d(H)
If C is a Da-cycle in a graph G, and H is a component of G--V(C), then d(H)>~ 6--2 + 2. Using this, and considering a nonextendable D~-cycle, we obtain the following consequence of Theorem 23.
Corollary 24. Let G be a t-tough nonhamiltonian graph and suppose G contains a Da-cycle. Then c(G)>>-(t+ 1)(6-2+2)+t.
Combining Corollaries 10 and 24 we obtain a partial improvement of Theorem 2.
Corollary 25. Let G be a t-tough nonhamiltonian graph on n>~3 vertices with 6>n/(t+2)+2--2 for some 2<~t+ 1. Then c(G)>~(t+ 1)(6-2+2)+t.
Corollary 25 is not best possible for t = 1 and 2=2, as shown by the following results, the first of which is a consequence of a result in [1] . The second is a consequence of a result in [2, 15] .
Theorem 26 (Bauer et Theorem 27 (Bauer and Schmeichel [2] , Tian and Zhao [15] ). Let G be a 1-tough nonhamiltonian graph on n >~ 3 vertices. Then c(G) >1 26 + 2.
Examples related to Corollary 10
In Section 2 we claimed that for t with 1 < t < 2, at least some upper bound on 2 in terms of t is needed in Corollary 10. Here we verify this claim by showing that for every t with 1 < t < 2 there exists an integer 2(0 and infinitely many t-tough graphs satisfying 6 > n/(t + 2(t)) + 2(0-2 and containing no D~0-cycle. 
